The quadratic longitudinal response function describes the second-order nonlinear response of a plasma to electrostatic wave fields. An explicit expression for this function in the weak-turbulence regime requires the evaluation of velocity-space integrals involving the velocity distribution function and various resonant denominators. Previous calculations of the quadratic longitudinal response function were performed by approximating the resonant denominators to facilitate the integration. Here, we evaluate these integrals exactly for a non-relativistic collisionless unmagnetized isotropic Maxwellian plasma in terms of generalized plasma dispersion functions, and correct certain aspects of expressions previously derived for these functions. We show that in the appropriate limits the exact expression reduces to the approximate form used for interactions between two fast waves and one slow wave, such as the electrostatic decay of Langmuir waves into Langmuir waves and ion sound waves, and the scattering of Langmuir waves off thermal ions.
I. INTRODUCTION
Plasmas are highly nonlinear media, with nonlinear effects commonly invoked to describe the behavior of both space and laboratory plasmas. In kinetic theory, the response of a plasma to electromagnetic wave fields is described by the linear response tensor and a hierarchy of nonlinear response tensors (or equivalently, conductivity or susceptibility tensors). [1] [2] [3] [4] [5] [6] If only the response to electrostatic (i.e., longitudinal) wave fields is being considered, then the longitudinal parts of these response tensors, termed the linear and nonlinear longitudinal response functions, are sufficient to model the plasma response. [1] [2] [3] [4] [5] [6] In the case that the nonlinear response to the electromagnetic disturbance is weak, induced plasma properties such as the induced charge and current densities can be expanded in powers of the wave-field amplitude; this is called the "weak-turbulence expansion." The quadratic (i.e., second-order) response tensor is defined as the coefficient of the second-order term in an expansion of the induced current density in powers of the vector potential. 4, 6 This quantity describes wave coupling in three-wave interactions, which include the coalescence of two waves to give a product wave and the decay of a wave into two product waves, as well as the coupling in nonlinear scattering of waves by particles. The third-order term in the weak-turbulence expansion, called the cubic response tensor, describes the following four-wave interactions: the decay of one wave into three waves, the coalescence of three waves into one wave, and interactions between couples of waves. Four-wave interactions may also result from the product of a three-wave interaction taking part in another three-wave interaction, giving rise to an "effective cubic response" of the plasma. The effective cubic response tensor is then the sum of the cubic response tensor and three combinations of the product of two quadratic response tensors. 5, 7 The Vlasov equation may be used to derive general expressions for the linear and nonlinear response tensors, for instance, for a non-relativistic unmagnetized collisionless plasma, in terms of velocity-space integrals involving the velocity distribution function and various resonant denominators. [2] [3] [4] [5] [6] These integrals must be evaluated to obtain explicit expressions for the response tensors, which are needed for calculating the rates of the corresponding linear and nonlinear processes. The most common approach is to approximate the integrands by making assumptions about the frequencies of the waves before evaluating the integrals. [4] [5] [6] [8] [9] [10] [11] [12] The terms in the integrand that are neglected depend on whether the wave is fast or slow (i.e., whether x=jkj ) V or x=jkj ( V, where V is the relevant thermal speed). In a warm unmagnetized plasma, Langmuir (L) and transverse (T) waves are fast and ion sound waves (S) are slow. Performing these approximations leads to a simplified calculation of the integrals [4] [5] [6] [8] [9] [10] [11] [12] ; however, the range of validity of the resulting expressions is not clear, and they may be inaccurate in certain physical applications. Recently a thermal correction was derived for the coldplasma quadratic response tensor, 13 which is the approximate expression often used where the three waves involved are assumed to be fast. The thermal correction was predicted to possibly be important when treating the rate of Langmuir-wave coalescence L þ L 0 ! T at Earth's foreshock and in type II radio bursts. 13 On the other hand, an exact evaluation of the quadratic response tensor was carried out by Percival and Robinson, 14 where the resulting expression was given in terms of generalized plasma dispersion functions. 15 The exact expression accurately describes the wave coupling in any three-wave a) Electronic mail: b.layden@physics.usyd.edu.au.
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V C 2012 American Institute of Physics 19, 072308-1 interaction or nonlinear scattering process. Despite this advantage over the approximate forms, the large number of terms in the exact expression presents difficulties in applying it to specific interactions. The full quadratic response tensor, however, is not needed when studying the wave coupling between three electrostatic waves. Such processes include electrostatic (Langmuir-wave) decay L ! L 0 þ S, [1] [2] [3] [4] [5] [6] 16, 17 where a Langmuir wave decays into a backscattered Langmuir wave and an ion sound wave, and scattering of Langmuir waves off thermal ions (or "nonlinear Landau [1] [2] [3] [4] [5] [6] [16] [17] [18] [19] in which Langmuir waves are scattered off the Debye shielding (or "electron polarization") clouds around thermal ions. For these processes, only the longitudinal part (i.e., the quadratic longitudinal response function) contributes to the plasma response. An explicit expression for the exact quadratic longitudinal response function has yet to be derived in the literature. This would permit a more accurate calculation of the rates of electrostatic decay and scattering off thermal ions for all plasma parameters.
In this paper, we derive an exact expression for the quadratic longitudinal response function of a non-relativistic collisionless unmagnetized isotropic plasma with Maxwellian velocity distributions of particles. Rather than contracting the cumbersome exact quadratic response tensor 14 with the polarization vectors to obtain its longitudinal part, we instead begin our analysis from a general expression for the quadratic longitudinal response function. In Sec. II, we outline the relevant nonlinear plasma theory, such as the general and approximate expressions for the quadratic longitudinal response function and how they are derived. In Sec. III, we evaluate exactly the velocity-space integrals that arise in the general expression. We thus obtain an exact expression in terms of generalized plasma dispersion functions, and we discuss the properties of this expression and the generalized plasma dispersion functions. In Sec. IV, we identify and correct some errors in the derivation of expressions for the generalized plasma dispersion functions. 15 To curb the numerical instability associated with calculating these functions, in Sec. V, we derive alternative series expressions for the generalized plasma dispersion functions which converge faster than those in Sec. IV. We show in Sec. VI that the exact expression for the quadratic longitudinal response function reduces to the approximate form used for interactions between two fast waves and one slow wave in the appropriate limits. In Sec. VII, we assess the accuracy of various approximations for the generalized plasma dispersions. Section VIII contains a summary and the conclusions. These results will be applied to the rates of electrostatic decay and scattering off thermal ions in a future paper.
II. THEORETICAL CONTEXT
The linear and nonlinear plasma response tensors may be defined by expanding an induced plasma property in powers of the amplitude of the Fourier-transformed electromagnetic field, which is called the weak-turbulence expansion. General expressions for the linear and nonlinear plasma responses to the wave fields may then be calculated in a variety of ways. These include the forward-scattering 6, 20 and Lagrangian 21, 22 methods. The linear and quadratic responses have also been constructed using symmetry and dimensionality arguments and the relations of charge continuity and gauge invariance. 23 The responses are most commonly calculated using the Vlasov equation, [2] [3] [4] [5] [6] which relates the distribution function to the wave fields; this is the method that we outline here.
The first assumption of the Vlasov equation is that the electric and magnetic fields and particle motions in the plasma are self-consistent; i.e., the fields are determined by statistically averaged charge and current densities in the plasma expressed as moments of the distribution function. The plasma is also assumed collisionless, which is valid where the electron collision frequency is much lower than each of the relevant wave frequencies. The collisionless assumption is appropriate for most space and fusion plasmas. An ambient magnetic field B 0 may be included in the Vlasov equation; however, the analysis of the quadratic plasma response becomes much more complicated (see, e.g., Ref. 5 for general expressions for the quadratic longitudinal response function and the quadratic response tensor). In this paper, we assume that the plasma is unmagnetized, i.e., B 0 ¼ 0, which is valid where X e =x pe ( 1 with X e ¼ eB 0 =m e the electron cyclotron frequency and x pe ¼ ðn e e 2 = 0 m e Þ 1=2 the electron plasma frequency. The final assumption made here is that the thermal speed of each particle species satisfies V=c ( 1, so that the plasma is non-relativistic.
A weak-turbulence expansion of the induced current density JðkÞ in powers of the vector potential Aðk m Þ in the temporal gauge yields (e.g., Ref. 6) 
In Eqs. (1)- (3), k m collectively denotes x m and k m for the mth wave, and dk ðnÞ is the nth-order convolution integral given by
with
and
The quantity a ð1Þ ij is called the linear response tensor, which is the coefficient of the first-order term in the weakturbulence expansion of the induced current. The coefficients of the higher-order terms are the nonlinear response tensors denoted a ðnÞ ij 1 …j n , where n ! 2. For interactions between electrostatic waves, the strength of the wave coupling is described by the longitudinal part of these response tensors, 3, 6 given by
To calculate general expressions for the a ðnÞ , one can first derive general expressions for the response tensors a ðnÞ ij 1 j 2 …j n and then take their longitudinal parts via Eq. (7). The response tensor expressions can be calculated by comparing the nth-order current J ðnÞ derived using the Vlasov equation with the weak-turbulence expansion in Eqs. (1)-(3) . However, a more direct and simpler approach is to derive general expressions for the a ðnÞ by first expressing them as the coefficients of a weak-turbulence expansion. Such an expansion can be derived from Eqs. (2) and (3) 
The quantity a ð1Þ is the linear longitudinal response function and the a ðnÞ are the nonlinear longitudinal response functions. Solving the Vlasov equation for a non-relativistic unmagnetized collisionless plasma by employing a weakturbulence expansion of the distribution function, expressing the induced charge as a moment of the distribution, and comparing this with the expansion of induced charge in Eqs. 
where
and where ðk m $ k n Þ denotes additional terms generated by the interchange of k m and k n . The contribution from each particle species is summed to give the total plasma response, but for an electron-ion plasma for instance, the ionic contribution is almost always neglected in view of the m
À2
dependence. The expression in Eq. (11) is suitable for interactions in which one of the waves is slow; an additional factor of 1/2 must be introduced if all of the waves are fast, due to symmetry considerations (see, e.g., Ref.
6).
The delta-function in the convolution integrals in Eqs. (3) and (10) implies the relation
which expresses conservation of frequency and wave vector, also known as the wave-matching conditions. For the quadratic response, these state that
Equations (14) and (15) may be used to simplify a ð2Þ after the interchanges in Eq. (11) are performed.
The integrals M given by Eq. (12) are difficult to evaluate, and so the integrands are often approximated prior to carrying out the integrations. The approximate calculation for the quadratic longitudinal response function where two of the waves are fast and one is slow proceeds as follows (see Refs. 5 and 6): the general expression in Eq. (11) is first approximated by keeping only the highest power of the resonant denominator ðx 2 À k 2 Á vÞ where k 2 denotes the slow wave field; this corresponds to assuming Mðk; k 1 ; k 2 Þ ¼ Mðk 1 ; k; k 2 Þ ¼ 0. It is further approximated by neglecting thermal effects for the fast wave fields, denoted k and k 1 , which is achieved by assuming x j À k j Á v % x j for these waves. This yields
For the Maxwellian distribution function, given by
where the thermal speed V ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi k B T=m p and the normalization constant is
the integral in Eq. (16) can be evaluated in terms of the Fried-Conte plasma dispersion function, 24 defined by
and its analytic continuation for ImðuÞ 0. This leads to
with j labeling the wave fields k; k 1 , and k 2 . This expression is often approximated further; assuming s 2 ( 1 and using that the lowest order term in the power series expansion of uZ(u) about u ¼ 0 is O(u), the final term in Eq. (20) is neglected, giving
Equations (20) and (22) have been used by many authors for the wave coupling in electrostatic decay 16, 17, [25] [26] [27] [28] [29] [30] [31] [32] [33] and scattering off thermal ions. 16, 17, 28, 30, [34] [35] [36] The approximation for the quadratic longitudinal response function in Eq. (22) is valid where the phase speed approximations x=jkj ) V, x 1 =jk 1 j ) V, and x 2 =jk 2 j ( V (i.e., s; s 1 ) 1 and s 2 ( 1) are satisfied. However, as s and s 1 approach unity from above and s 2 approaches unity from below, this approximation must break down, and it is not clear when this occurs. An exact expression for the quadratic longitudinal response function is therefore desirable, as it would accurately describe the wave coupling strength between three electrostatic waves of any phase speed. Also, the accuracy of the commonly used approximations could then be assessed.
An exact evaluation of the quadratic response tensor has been performed by Percival and Robinson. 14 The expression for the response tensor in Eq. (65) of Ref. 14 is too long to include here but involves generalized plasma dispersion functions Y m;n defined by
ðx À cÞ n Zða þ bxÞ; (23) with Z given by Eq. (19) . Various properties of these functions were derived in Ref. 15 , including series expressions which may be employed for their numerical evaluation. To obtain the quadratic longitudinal response function, one could apply Eq. (7) to the exact quadratic response tensor; however, the cumbersome expression means that such an approach is impractical. In this paper, we therefore derive an exact expression for the quadratic longitudinal response function by working from the general expression in Eq. (11), and evaluating the velocity-space integrals exactly in terms of the Y m;n . Once an explicit expression for the quadratic longitudinal response function is derived, the rate of three-wave interactions or nonlinear scattering processes involving electrostatic waves may be calculated. The kinetic equation for the power radiated per unit volume in the mode M due to the three-wave coalescences and decays P þ Q ! M and M ! P þ Q, in the random-phase approximation, is [1] [2] [3] [4] [5] [6] 17 
with similar kinetic equations for the modes P and Q. Here, N M ðkÞ is the occupation number for the wave mode M, which is related to the wave energy density W by N M ðkÞ ¼ W M ðkÞ= hx M ðkÞ. The equation for the interaction probability u MPQ is (in the notation of Ref. 6)
where R M is the ratio of electric to total energy in the wave mode M, and the quantity k M collectively denotes x M ðkÞ and k (similarly for k P1 and k Q2 ). For scattering off thermal ions, the kinetic equation is
with w MP ðk;k 1 ;vÞ ¼ 8pq
and where f i ðvÞ is the ion distribution function and K L is the longitudinal part of the equivalent dielectric tensor.
Previous calculations of the rates in Eqs. (24) and (26) have assumed the approximate quadratic longitudinal response function given by Eq. (20) for substitution in the interaction probabilities in Eqs. (25) and (27) . In a future paper, we will use the results derived here for the exact quadratic longitudinal response function to determine the rates of electrostatic decay and scattering off thermal ions, and assess the accuracy of the previous calculations.
We note that the nonlinear longitudinal response functions used in this paper are closely related to the widely used nonlinear longitudinal susceptibilities v ðnÞ , which are the coefficients in an expansion of the induced polarization P= 0 in powers of the electric field strength E (e.g., Refs. 5 and 37), through
An equivalent analysis to that below could be performed in terms of v ð2Þ .
III. DERIVATION OF EXACT QUADRATIC LONGITUDINAL RESPONSE FUNCTION
We first evaluate Mðk; k 1 ; k 2 Þ in Eq. (12) for the Maxwellian velocity distribution function given by Eq. (17) . We choose the same coordinate system used in Ref. 14, where the z-axis is orientated parallel to k and the x-axis is directed so that k and k 1 lie in the xz-plane with a component of k 1 along the positive x-axis. The wave vectors and velocity vector may then be written as 
We first evaluate the integral over /. A partial fraction decomposition yields
We note that a sign ambiguity arises when evaluating the integral over /, i.e.,
for jSj > jTj, where the upper sign corresponds to ImðSÞ > 0 and the lower one to ImðSÞ < 0. The correct choice of sign requires an application of the Landau prescription: 38 the causality of the response is imposed by adding infinitesimal imaginary parts i0 to the frequencies x j , and hence to the quantities d j by Eq. (34) . Therefore, the upper sign in Eq. (36) is chosen, giving
Next (19) . Hence
In order to express Eq. (39) in terms of generalized plasma dispersion functions, we write
Performing a partial fraction decomposition gives
where we define
Using Eqs. (18) and (23) in Eq. (43) gives in a coordinateindependent (i.e., vector) representation 
Therefore, the exact quadratic longitudinal response function is
where the arguments of a ð2Þ are omitted for brevity. The tilde over a variable indicates that the interchange k $ k 1 has been done, and the bar denotes the interchange k $ k 2 . The interchange quantities for a 1;2 and b 1;2 are given in Appendix A. In Eqs. (48) and (A1)-(A8), we have used the wavematching condition (15) to write jk Â k 2 j and jk 1 Â k 2 j as jk Â k 1 j.
The magnitudes of the terms in Eq. (48) depend on both the interaction geometry and the phase speeds of the waves. This dependence occurs through the factors multiplying the generalized plasma dispersion functions, and their arguments. For example, the parameters a 1 ; b 1 , and s which are the arguments of the first Y 0;3 function may be written as v /1 csc h= V ffiffi ffi 2 p ; Àcot h, and v / =V ffiffi ffi 2 p , respectively, where v /j ¼ x j =jk j j and h is the angle between k and k 1 . We see that b 1 and s depend only on the interaction geometry and phase speeds, respectively, whereas a 1 depends on both of these.
We note that the non-resonant part (i.e., real part for real x and k) of the quadratic longitudinal response function is the important quantity when modeling three-wave coalescences and decays. 39 The resonant part (i.e., imaginary part for real x and k) may be important in the treatment of nonlinear frequency shifts and other such phenomena associated with the cubic plasma response; 40 there is a contribution from the resonant part of the quadratic response function to the real part of the effective cubic response function, resulting from the multiplication of two quadratic response functions.
IV. CORRECTIONS TO GENERALIZED PLASMA DISPERSION FUNCTION EXPRESSIONS
Here, we correct some results derived in Ref. 15 concerning the generalized plasma dispersion functions Y m;n , and then summarize the correct expressions for calculation of the real and imaginary parts of the generalized plasma dispersion functions at the end of the section. Where the arguments of Y m;n are omitted below it is understood to refer to Y m;n ða; b; cÞ. Series expansions for the generalized plasma dispersion function Y 0;1 were derived in Eqs. (21) and (32) 
Using Eq. (51), we derive the imaginary part of Y 0;p
Equation (55) 
From Eq. (41) 
We see that the expressions in Eqs. (67) and (68) We now determine which parts of the expression for Y 0;p in Eq. (68) are real and which are imaginary, as only its real part requires evaluation. We first note that H n ðuÞ contains only even powers of u where n is even, and only odd powers of u where n is odd. Therefore, where u is real, H n ðiuÞ is real for even n and imaginary for odd n; hence, i Àn H n ðiuÞ is real for all n. The contribution to Re Y 0;p is therefore from Re Z ðnÞ ðcÞ in the first series and from Im Z ðpÀnÀ1Þ ða þ bcÞ in the second series. Next we observe that the function S, given by Eq. (66), and its partial derivatives are real. When the third series in Eq. (68) is multiplied by the imaginary quantity outside the square brackets it contributes only to Im Y 0;p , and as such it need not be evaluated.
In summary, Eqs. We note that there are difficulties in computing Re Y 0;p in particular regions of parameter space, especially near jbj ¼ 1, using the series expressions in Eqs. (52), (53), and (68). This is because the number of terms required for convergence can be large, and approaches infinity as jbj ! 1, so that the computation of H n ðuÞ and Z ðnÞ ðuÞ for larger n is necessary near these regions. Numerical algorithms for calculating these functions are typically based on their three-term recurrence relations [i.e., H nþ1 ðuÞ ¼ 2uH n ðuÞ À 2nH nÀ1 ðuÞ (e.g., Ref. In our calculations the algorithms become unstable where n $ 120-150 (depending on the size of the function arguments), thus, restricting the range of parameters for which we can compute Re Y 0;p accurately. The onset of instability when calculating H n ðuÞ and Z ðnÞ ðuÞ is sudden and drastic, so we can readily
to derive the second alternative series expression
We note that both of the new series expressions in Eqs. (72) and (79) have the same convergence properties since we have evaluated the integral as a finite sum in both cases. We find that the expression for Y 0;1 given by Eq. (72) is more appropriate for numerical evaluation of Re Y 0;1 than the expression in Eq. (79); this is because it requires fewer calculations of Z ðnÞ ðuÞ, for which the algorithms are slower and more prone to instability than those for the gamma function. Therefore, we will show only the derivation of a set of series expressions for the generalized plasma dispersion functions based on Eq. (72).
We find empirically via numerical computation that the series expression in Eq. (72) is convergent for jbj < 1. We therefore use the same techniques as in Sec. IV to derive convergent expressions for b < À1 and b > 1. For b < À1 we use Eq. (31) 
Where b > 1, Eq. (57) may be used to derive convergent series expressions. We now evaluate the integral I in Eq. (58) via a similar approach to that used earlier in this section, such that the resulting expression converges more quickly than that given in Eq. (65). We first expand e 
Using Eq. (57) then gives 
and 
The Y 0;p functions may then be derived using Eq. (51) 
Special cases for Y 0;p are derived from Eqs. (74), (85), and (86), giving 
We graph Re Y 0;p in Fig. 2 using Eqs. (87) and (88), where we have calculated Re Y 0;p to 3 significant figures by truncating the series when its nth partial sum S n satisfies jðS nþ1 À S n Þ=S n j < 10 À3 . In plotting Re Y 0;p , we have linearly interpolated over regions of numerical instability; these regions are shown in Fig. 3 for Y 0;1 along with the rates of convergence for the different series expressions. We find that the alternative set of series expressions in Eqs. (72) The smallness of the unstable regions for these parameters permits accurate linear interpolation of the functions over these regions. For larger arguments of Y 0;p , the numerical evaluation becomes unstable for a larger region of parameter space, in which case interpolation over these regions may not be particularly accurate (see Fig. 4 for unstable regions where c ¼ 10 and c ¼ 15). However, the dominant generalized plasma dispersion functions in Eq. (48) are those with smaller a and c arguments, as shown in Fig. 2 , and thus the instability for large arguments does not prevent an accurate calculation of the quadratic longitudinal response function.
VI. APPROXIMATION FOR TWO FAST WAVES AND ONE SLOW WAVE
To recover the approximate form of the quadratic longitudinal response function in Eq. (20), we take the limit of the exact expression in Eq. (48) where two of the waves have infinite phase speeds; i.e., s; s 1 ! 1, and the other wave has a low phase speed; i.e., s 2 ( 1. In these limits,ã 1 ; a 1 ; a 2 ! 1 and hence jrj; j rj ! 1. The functions Y 0;p may be approximated for large c by 15
whence
However, a different approximation to Y 0;p is required for jcj . 1 and jaj ) 1. The main contribution to the integral in Eq. (23) for the generalized plasma dispersion function is then from x % c, so we can approximate Z(a þ bx) by ZðaÞ % À1=a in the integrand, provided jaj=jbj ) 1 also holds. We then have 
Writing r and a j explicitly using Eqs. (44) and (A5)-(A8) gives
On using the differential equation 24 Z 0 ðuÞ ¼ À2 À 2uZðuÞ and after various cancellations, we recover the approximate quadratic longitudinal response function in Eq. (20) .
VII. ACCURACY OF THE APPROXIMATIONS TO THE GENERALIZED PLASMA DISPERSION FUNCTIONS
In this section, we assess the accuracy of the various approximations that have been derived for the generalized plasma dispersion functions; these include the approximations in Eqs. (90) 
and a Padé approximant
where c ¼ À0:5 À 0:7425i; d ¼ 0:5228 À 0:7763i, and is a two-pole Padé approximant to the Fried-Conte plasma dispersion function. 45 Approximations to the higher order generalized plasma dispersion functions based on Eqs. (96) and (97) may be derived using Eq. (51). We show a sample of the accuracy of these approximations for Y 0;1 in Fig. 4 .
From Fig. 4 , we see that the approximation for jcj ) 1 in Eq. (90) is accurate only near a ¼ jbj or b ¼ 0 for each value of c. As c increases, the intervals around a ¼ jbj and b ¼ 0 for which the approximation is accurate become larger. In contrast, the approximation for jaj ) 1 in Eq. (96) parameter space when c is large, in which Eq. (90) is a more accurate approximation of Y 0;1 anyway. The Padé approximant is therefore not very useful.
VIII. SUMMARY AND CONCLUSIONS
We have derived an exact expression for the quadratic longitudinal response function of a non-relativistic collisionless unmagnetized isotropic Maxwellian plasma, which we have written in Eq. (48) in terms of generalized plasma dispersion functions. This response function given by Eq. (48) accurately describes the wave coupling between three electrostatic waves. The expression in Eq. (48) depends on both the phase speeds of the waves and the interaction geometry. We have corrected expressions previously derived for the real and imaginary parts of the generalized plasma dispersion functions Y 0;p ða; b; cÞ so that they are valid for all values of the parameters b and p.
For specific numerical calculations, the accuracy of the quadratic longitudinal response function is determined by the accuracy to which the generalized plasma dispersion functions are computed. Series expressions for the generalized plasma dispersion functions included here require calculation of Z ðnÞ ðuÞ, and H n ðuÞ for some expressions. Numerical instability in iterating the three-term recurrence relations for these functions for large n limits the number of calculable terms, and hence restricts the number of significant figures that can be obtained for the generalized plasma dispersion functions. We have derived a new set of series expressions for the generalized plasma dispersion functions in Eqs. (87) and (88) which converge more rapidly than those derived in Ref. 15 , thus, reducing the regions of instability to small regions about jbj ¼ 1. This allows computation of the functions to at least 3 significant figures for a large range of parameter space.
In the limit where two of the waves are fast and one is slow, which has been previously assumed for the wave coupling in electrostatic decay and scattering off thermal ions, we have shown by approximating the generalized plasma dispersion functions that the exact quadratic longitudinal response function reduces to the commonly used approximation in Eq. (20) . The exact expression for the quadratic longitudinal response function that we have derived is relatively compact compared to the exact quadratic response tensor. It is therefore feasible to use Eq. (48) in calculating the rate for nonlinear wave-wave and wave-particle interactions involving electrostatic waves, which will be the subject of a future paper.
